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1 Introduction
1.1 The Weil representation
In his celebrated 1964 Acta paper [34] Weil constructed a certain (projective)
unitary representation of a symplectic group over a local field k (for example
k could be R, C, or a p-adic field). This representation has many fascinat-
ing properties which have gradually been brought to light over the last few
decades. It now appears that this representation is a central object, bridg-
ing various topics in mathematics and physics, including number theory, the
theory of theta functions and automorphic forms, invariant theory, harmonic
analysis, and quantum mechanics. Although it holds such a fundamental sta-
tus, it is satisfying to observe that the Weil representation already appears in
the study of functions on linear spaces. Given a k-linear space L, there exists
an associated (polarized) symplectic vector space V = L× L∗. The Weil rep-
resentation of the group Sp = Sp(V, ω) can be realized on the Hilbert space
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H = L2(L,C). Interestingly, some elements of the group Sp act by certain
kinds of generalized Fourier transforms. In particular, there exists a specific
element w ∈ Sp (called the Weyl element) whose action is given, up to a
normalization, by the standard Fourier transform. From this perspective, the
classical theory of harmonic analysis seems to be devoted to the study of a
particular operator in the Weil representation.
In these notes we will be concerned only with the case of the Weil repre-
sentations of symplectic groups over finite fields. The main technical part is
devoted to the study of a specific property of the Weil representation—the
self-reducibility property. Briefly, this is a property concerning a relationship
between the Weil representations of symplectic groups of different dimensions.
In parts of these notes we devoted some effort to developing a general theory.
In particular, the results concerning the self-reducibility property apply also
to the Weil representation over local fields.
We use the self-reducibility property to bound certain higher-dimensional
exponential sums which originate from the theory of quantum chaos, thereby
obtaining a proof of one of the main statements in the field—the Hecke quan-
tum unique ergodicity theorem for a generic linear symplectomorphism of the
2N -dimensional torus.
1.2 Quantum chaos problem
One of the main motivational problems in quantum chaos is [2, 3, 26, 30]
describing eigenstates
H˜Ψ = λΨ, Ψ ∈ H,
of a chaotic Hamiltonian
H˜ = Op(H) : H → H,
whereH is a Hilbert space. We deliberately use the notation Op(H) to empha-
size the fact that the quantum Hamiltonian H˜ is a quantization of a classical
Hamiltonian H : M → C, whereM is a classical symplectic phase space (usu-
ally the cotangent bundle of a configuration space M = T ∗X , in which case
H =L2(X)). In general, describing Ψ is considered to be an extremely com-
plicated problem. Nevertheless, for a few mathematical models of quantum
mechanics rigorous results have been obtained. We shall proceed to describe
one of these models.
Hannay–Berry model
In [18] Hannay and Berry explored a model for quantum mechanics on the two-
dimensional symplectic torus (T, ω). Hannay and Berry suggested to quantize
simultaneously the functions on the torus and the linear symplectic group
Γ ≃ SL2(Z). One of their main motivations was to study the phenomenon
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of quantum chaos in this model [26, 28]. More precisely, they considered an
ergodic discrete dynamical system on the torus which is generated by a hyper-
bolic automorphism A ∈ Γ . Quantizing the system, the classical phase space
(T, ω) is replaced by a finite dimensional Hilbert space H, classical observ-
ables, i.e., functions f ∈ C∞(T), by operators π(f) ∈ End(H), and classical
symmetries by a unitary representation ρ : Γ → U(H).
Shnirelman’s theorem
Analogous with the case of the Schro¨dinger equation, consider the following
eigenstates problem
ρ(A)Ψ = λΨ.
A fundamental result, valid for a wide class of quantum systems which are
associated to ergodic classical dynamics, is Shnirelman’s theorem [31], assert-
ing that in the semi-classical limit almost all (in a suitable sense) eigenstates
become equidistributed in an appropriate sense.
A variant of Shnirelman’s theorem also holds in our situation [4]. More
precisely, we have that in the semi-classical limit ℏ → 0 for almost all (in a
suitable sense) eigenstates Ψ of the operator ρ(A) the corresponding Wigner
distribution 〈Ψ |π(·)Ψ〉 : C∞(T) → C approaches the phase space average∫
T
·|ω|. In this respect, it seems natural to ask whether there exist excep-
tional sequences of eigenstates? Namely, eigenstates that do not obey the
Shnirelman’s rule (scarred eigenstates). It was predicted by Berry [2, 3] that
scarring phenomenon is not expected to be seen for quantum systems asso-
ciated with generic chaotic classical dynamics. However, in our situation the
operator ρ(A) is not generic, and exceptional eigenstates were constructed.
Indeed, it was confirmed mathematically in [8] that certain ρ(A)-eigenstates
might localize. For example, in that paper a sequence of eigenstates Ψ was
constructed, for which the corresponding Wigner distribution approaches the
measure 12δ0 +
1
2 |ω| on T.
Hecke quantum unique ergodicity
A quantum system that obeys Shnirelman’s rule is also called quantum er-
godic. Can one impose some natural conditions on the eigenstates so that no
exceptional eigenstates will appear? Namely, quantum unique ergodicity will
hold. This question was addressed in a paper by Kurlberg and Rudnick [25].
In that paper, they formulated a rigorous notion of Hecke quantum unique er-
godicity for the case ℏ = 1/p. The following is a brief description of that work.
The basic observation is that the degeneracies of the operator ρ(A) are cou-
pled with the existence of symmetries. There exists a commutative group of
operators that commutes with ρ(A), which can in fact be computed. In more
detail, the representation ρ factors through the quotient group Sp = SL2(Fp).
We denote by TA ⊂ Sp the centralizer of the element A, now considered as
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an element of the quotient group. The group TA is called (cf. [25]) the Hecke
torus corresponding to the element A. The Hecke torus acts semisimply on
H. Therefore, we have a decomposition
H =
⊕
χ:TA→C×
Hχ,
where Hχ is the Hecke eigenspace corresponding to the character χ. Consider
a unit eigenstate Ψ ∈ Hχ and the corresponding Wigner distribution Wχ :
C∞(T)→ C, defined by the formulaWχ(f) = 〈Ψ |π(f)Ψ〉 . The main statement
in [25] proves an explicit bound on the semi-classical asymptotic of Wχ(f)∣∣∣∣∣∣Wχ(f)−
∫
T
f |ω|
∣∣∣∣∣∣ ≤
Cf
p1/4
,
where Cf is a constant that depends only on the function f . In Rudnick’s
lectures at MSRI, Berkeley 1999 [27], and ECM, Barcelona 2000 [28], he con-
jectured that a stronger bound should hold true, i.e.,∣∣∣∣∣∣Wχ(f)−
∫
T
f |ω|
∣∣∣∣∣∣ ≤
Cf
p1/2
. (1)
A particular case (which implies (1)) of the above inequality is when f = ξ,
where ξ is a non-trivial character. In this case, the integral
∫
T
ξ|ω| vanishes
and in addition it turns out that Cξ = 2+o(1). Hence, we obtain the following
simplified form of (1)
|Wχ(ξ)| ≤ 2 + o(1)√
p
, (2)
for sufficiently large p. These stronger bounds were proved in the paper [13].
It will be instructive to briefly recall the main ideas and techniques used in
[13].
Geometric approach
The basic observation to be made is that the theory of quantum mechanics on
the torus, in the case ℏ = 1/p, can be equivalently recast in the language of
the representation theory of finite groups in characteristic p. We will endeavor
to give a more precise explanation of this matter. Consider the quotient Fp-
vector space V = T∨/pT∨, where T∨ ≃ Z2 is the lattice of characters on T.
We denote by H = H(V ) the Heisenberg group associated to V . The group Sp
is naturally identified with the group of linear symplectomorphisms of V . We
have an action of Sp onH . The Stone–von Neumann theorem (see Theorem 5)
states that there exists a unique irreducible representation π : H → GL(H),
with a non-trivial character ψ of the center of H . As a consequence of its
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uniqueness, its isomorphism class is fixed by Sp. This is equivalent to saying
that H is equipped with a compatible projective representation ρ : Sp →
PGL(H), which in fact can be linearized to an honest representation. This
representation is the celebrated Weil representation. Noting that Sp is the
group of rational points of the algebraic group Sp (we use boldface letters
to denote algebraic varieties), it is natural to ask whether there exists an
algebro-geometric object that underlies the representation ρ. The answer to
this question is positive. The construction is proposed in an unpublished letter
of Deligne to Kazhdan [7], which appears now in [13, 16]. Briefly, the content
of this letter is a construction of representation sheaf Kρ on the algebraic
variety Sp. We obtain, as a consequence, the following general principle:
Motivic principle. All quantum mechanical quantities in the Hannay–Berry
model are motivic in nature.
By this we mean that every quantum-mechanical quantity Q is associated
with a vector space VQ (certain cohomology of a suitable ℓ-adic sheaf) endowed
with a Frobenius action Fr : VQ → VQ so that Q =Tr(Fr|VQ). In particular,
it was shown in [13] that there exists a two-dimensional vector space Vχ,
endowed with an action Fr : Vχ → Vχ, so that
Wχ(ξ) = Tr(Fr|Vχ). (3)
This, combined with the purity condition that the eigenvalues of Fr are of
absolute value 1/
√
p, implies the estimate (2).
The higher-dimensional Hannay–Berry model
The higher-dimensional Hannay–Berry model is obtained as a quantization
of a 2N -dimensional symplectic torus (T, ω) acted upon by the group Γ ≃
Sp(2N,Z) of linear symplectic automorphisms. It was first constructed in
[12], where, in particular, a quantization of the whole group of symmetries
Γ was obtained. Consider a regular ergodic element A ∈ Γ , i.e., A generates
an ergodic discrete dynamical system and it is regular in the sense that it
has distinct eigenvalues over C. It is natural to ask whether quantum unique
ergodicity will hold true in this setting as well, as long as one takes into
account the whole group of hidden (Hecke) symmetries? Interestingly, the
answer to this question is NO! Several new results in this direction have been
announced recently. In the case where the automorphism A is non-generic,
meaning that it has an invariant Lagrangian (and more generally co-isotropic)
sub-torus TL ⊂ T, an interesting new phenomenon was revealed. There exists
a sequence {Ψℏ} of Hecke eigenstates which are closely related to the physical
phenomena of localization, known in the physics literature (cf. [20, 24]) as
scars. We will call them Hecke scars. These states are localized in the sense
that the associated Wigner distribution converges to the Haar measure µ on
the invariant Lagrangian sub-torus
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WΨℏ(f)→
∫
TL
fdµ, as ℏ→ 0, (4)
for every smooth observable f . These special kinds of Hecke eigenstates were
first established in [10]. The semi-classical interpretation of the localization
phenomena (4) was announced in [23].
The above phenomenon motivates the following definition:
Definition 1. An element A ∈ Γ is called generic if it is regular and admits
no non-trivial invariant co-isotropic sub-tori.
Remark 1. The collection of generic elements constitutes an open subscheme
of Γ . In particular, a generic element need not be ergodic automorphism of
T. However, in the case where Γ ≃ SL2(Z) every ergodic (i.e., hyperbolic)
element is generic. An example of a generic element which is not ergodic is
given by the Weyl element w =
(
0 1
−1 0
)
.
In these notes we will require the automorphism A ∈ Γ to be generic. This
case was first considered in [14], where using similar geometric techniques as
in [13] the analogue of inequality (2) was obtained. For the sake of simplicity,
let us assume that the automorphism A is strongly generic, i.e., it has no
non-trivial invariant sub-tori.
Theorem 1 ([14]). Let ξ be a non-trivial character of T. The following bound
holds
|Wχ(ξ)| ≤ [2 + o(1)]
N
√
pN
, (5)
where p is a sufficiently large prime number.
In particular, using the bound (5), we obtain the following statement for
general observable:
Corollary 1 (Hecke quantum unique ergodicity). Consider an observ-
able f ∈ C∞(T) and a sufficiently large prime number p. Then∣∣∣∣∣∣Wχ(f)−
∫
T
fdµ
∣∣∣∣∣∣ ≤
Cf√
pN
,
where µ = |ω|N is the corresponding volume form and Cf is an explicit com-
putable constant which depends only on the function f.
In these notes, using the self-reducibility property of the Weil represen-
tation, we improve the above estimates and obtain the following theorem:
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Theorem 2 (Sharp bound). Let ξ be a non-trivial character of T. For suf-
ficiently large prime number p we have
|Wχ(ξ)| ≤ [2 + o(1)]
rp
√
pN
, (6)
where the number rp is an integer between 1 and N , that we will call the
symplectic rank of TA.
Remark 2. It will be shown (see Subsection 6.2) that the distribution of the
symplectic rank rp (6) in the set {1, ..., N} is governed by the Chebotarev
density theorem applied to a suitable Galois group. For example, in the case
where A ∈ Sp(4,Z) is strongly generic we have
lim
x→∞
#{rp = r | p ≤ x}
π(x)
= 12 , r = 1, 2,
where π(x) denotes the number of primes up to x.
Remark 3. For the more general version of Theorem 2, one that holds in the
general generic case (Definition 1), see Subsection 6.3.
In order to witness the improvement of (6) over (5), it would be instructive
to consider the following extreme scenario. Assume that the Hecke torus TA
acts on V ≃ F2Np irreducibly. In this case it turns out that rp = 1. Hence, (6)
becomes
|Wχ(ξ)| ≤ 2 + o(1)√
pN
,
which constitutes a significant improvement over the coarse topological es-
timate (5). Let us elaborate on this. Recall the motivic interpretation (3)
of the Wigner distribution. In [14] an analogous interpretation was given
to the higher-dimensional Wigner distributions, realizing them as Wχ(ξ) =
Tr(Fr|Vχ), where, by the purity condition, the eigenvalues of Fr are of absolute
value 1/
√
pN . But, in this setting the dimension of Vχ is not 2, but 2
N , i.e.,
the Frobenius looks like
Fr =


λ1 ∗ ∗ ∗
· ∗ ∗
· ∗
λ2N

 .
Hence, if we use only this amount of information, then the best estimate which
can be obtained is (5). Therefore, in this respect the problem that we con-
front is showing cancellations between different eigenvalues, more precisely
angles, of the Frobenius operator acting on a high-dimensional vector space,
i.e., cancellations in the sum
∑2N
j=1 e
iθj , where the angles 0 ≤ θj < 2π are
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defined via λj = e
iθj/
√
pN . This problem is of a completely different nature,
which is not accounted for by standard cohomological techniques (we thank
R. Heath-Brown for pointing out to us [19] about the phenomenon of can-
cellations between Frobenius eigenvalues in the presence of high-dimensional
cohomologies).
Remark 4. Choosing a realization H ≃ C(FNp ), the matrix coefficient Wχ(ξ)
is equivalent to an exponential sum of the form
〈Ψ |π(ξ)Ψ〉 =
∑
x∈FNp
Ψ(x)e
2pii
p
ξ+xΨ(x+ ξ−). (7)
Here one encounters two problems. First, it is not so easy to describe the
eigenstates Ψ . Second, the sum (7) is a high-dimensional exponential sum
(over Fp), which is known to be hard to analyze using standard techniques.
The crucial point that we explain in these notes is that it can be realized,
essentially, as a one-dimensional exponential sum over Fq, where q = p
N .
1.3 Solution via self-reducibility
Let us explain the main idea underlying the proof of estimate (6). Let us
assume for the sake of simplicity that the Hecke torus is completely inert, i.e.,
acts irreducibly on the vector space V ≃ F2Np .
Representation theoretic interpretation of the Wigner distribution
The Hecke eigenstate Ψ is a vector in a representation space H. The space
H supports the Weil representation of the symplectic group Sp ≃ Sp(2N, k),
k = Fp. The vector Ψ is completely characterized in representation theoretic
terms, as being a character vector of the Hecke torus TA. As a consequence,
all quantities associated to Ψ , and in particular the Wigner distribution Wχ
are characterized in terms of the Weil representation. The main observation
to be made is that the Hecke state Ψ can be characterized in terms of another
Weil representation, this time of a group of much smaller dimension. In fact, it
can be characterized, roughly, in terms of the Weil representation of SL2(K),
K = FpN .
Self-reducibility property
A fundamental notion in our study is that of a symplectic module structure.
A symplectic module structure is a triple (K,V, ω), where K is a finite di-
mensional commutative algebra over k, equipped with an action on the vec-
tor space V , and ω is a K-linear symplectic form satisfying the property
TrK/k(ω) = ω. Let us assume for the sake of simplicity that K is a field. Let
Self-Reducibility and Quantum Chaos 9
Sp = Sp(V, ω) be the group of K-linear symplectomorphisms with respect to
the form ω. There exists a canonical embedding
ι : Sp →֒ Sp. (8)
We will be mainly concerned with symplectic module structures which
are associated to maximal tori in Sp. More precisely, it will be shown that
associated to a maximal torus T ⊂ Sp there exists a canonical symplectic
module structure (K,V, ω) so that T ⊂ Sp. The most extreme situation is
when the torus T ⊂ Sp is completely inert, i.e., acts irreducibly on the vector
space V . In this particular case, the algebraK is in fact a field with dimK V =
2 which implies that Sp ≃ SL2(K), i.e., using (8) we get T ⊂ SL2(K) ⊂ Sp.
Let us denote by (ρ, Sp,H) the Weil representation of Sp. The main ob-
servation now is (cf. [9]) the following:
Theorem 3 (Self-reducibility property). The restricted representation
(ρ = ι∗ρ, SL2(K),H) is the Weil representation of SL2(K).
Applying the self-reducibility property to the Hecke torus TA, it follows
that the Hecke eigenstates Ψ can be characterized in terms of the Weil repre-
sentation of SL2(K). Therefore, in this respect, Theorem 2 is reduced to the
result obtained in [13].
1.4 Quantum unique ergodicity for statistical states
Let A ∈ Γ be a generic linear symplectomorphism. As in harmonic analysis,
one would like to use Theorem 2 concerning the Hecke eigenstates in order to
extract information on the spectral theory of the operator ρ(A) itself. For the
sake of simplicity, let us assume that A is strongly generic, i.e., it acts on the
torus T with no non-trivial invariant sub-tori. Next, a possible reformulation
of the quantum unique ergodicity statement, one which is formulated for the
automorphism A itself instead of the Hecke group of symmetries, is presented.
The element A acts via the Weil representation ρ on the space H and
decomposes it into a direct sum of ρ (A)-eigenspaces
H =
⊕
λ∈Spec(ρ(A))
Hλ. (9)
Considering an ρ (A)-eigenstate Ψ and the corresponding projector PΨ
one usually studies the Wigner distribution 〈Ψ |π(ξ)Ψ〉 = Tr(π(ξ)PΨ ) which,
due to the fact that rank(PΨ ) = 1, is sometimes called pure state. In the
same way, we might think about an Hecke–Wigner distribution 〈Ψ |π(ξ)Ψ〉 =
Tr(π(ξ)Pχ), attached to a TA-eigenstate Ψ , as a pure Hecke state. Following
von Neumann [33] we suggest the possibility of looking at the more general
statistical state, defined by a non-negative, self-adjoint operator D, called the
von Neumann density operator, normalized to have Tr(D) = 1. For example,
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to the automorphism A we can attach the natural family of density operators
Dλ =
1
mλ
Pλ, where Pλ is the projector on the eigenspace Hλ (9) , and mλ =
dim(Hλ). Consequently, we obtain a family of statistical states
Wλ (·) = Tr(π(·)Dλ).
Theorem 4. Let ξ be a non-trivial character of T. For a sufficiently large
prime number p, and every statistical state Wλ, we have
|Wλ(ξ)| ≤ (2 + o(1))
rp
√
pN
, (10)
where rp is an explicit integer 1 ≤ rp ≤ N which is determined by A.
Theorem 4 follows from the fact that the Hecke torus TA acts on the
spaces Hλ, and hence, one can use the Hecke eigenstates, and the bound
(6). In particular, using (10) we obtain for a general observable the following
bound:
Corollary 2. Consider an observable f ∈ C∞(T) and a sufficiently large
prime number p. Then ∣∣∣∣∣∣Wλ(f)−
∫
T
fdµ
∣∣∣∣∣∣ ≤
Cf√
pN
,
where µ = |ω|N is the corresponding volume form and Cf is an explicit com-
putable constant which depends only on the function f.
1.5 Results
1. Bounds of higher-dimensional exponential sums. The main results of these
notes are a sharp estimates of certain higher-dimensional exponential sums
attached to tori in Sp(2N,Fq). This is the content of Theorems 12 and 14
and is obtained using the self-reducibility property of the Weil represen-
tation as stated in Theorems 9 and 10.
2. Hecke quantum unique ergodicity theorem. The main application of these
notes is the proof of the Hecke quantum unique ergodicity theorem, i.e.,
Theorems 17 and 18, for generic linear symplectomorphism of the torus
in any dimension. The proof of the theorem is a direct application of the
sharp bound on the higher-dimensional exponential sums.
3. Multiplicities formula. Exact formula for the multiplicities, i.e., the di-
mensions of the character spaces for the action of maximal tori in the
Weil representation are derived. This is obtained first for the SL2(Fq)
case in Theorem 8 using the character formula presented in Theorem 7.
Then, as a direct application of the self-reducibility property, the formula
is extended in Theorem 11 to the higher-dimensional cases.
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In addition, a formulation of the quantum unique ergodicity statement
for quantum chaos problems, close in spirit to the von Neumann idea about
density operator, is suggested in Theorem 4. The statement includes only the
quantum operator A rather than the whole Hecke group of symmetries [25].
The proof of the statement uses the Hecke operators as a harmonic analysis
tool.
1.6 Structure of the notes
Apart from the introduction, the notes consist of five sections.
In Section 2 we give some preliminaries on representation theory which
are used in the notes. In Subsection 2.3 we recall the invariant presentation
of the Weil representation over finite fields [16], and we discuss applications
to multiplicities. Section 3 constitutes the main technical part of this work.
Here we develop the theory that underlies the self-reducibility property of
the Weil representation. In particular, in Subsection 3.1 we introduce the no-
tion of symplectic module structure. In Subsection 3.2 we prove the existence
of symplectic module structure associated with a maximal torus in Sp. Fi-
nally, we establish the self-reducibility property of the Weil representation,
i.e., Theorem 10, and apply this property to get information on multiplicities
in Subsection 3.4. Section 4 is devoted to an application of the theory devel-
oped in previous sections to estimating higher-dimensional exponential sums
which originate from the mathematical theory of quantum chaos. In Section
5 we describe the higher-dimensional Hannay–Berry model of quantum me-
chanics on the torus. Finally, in Section 6 we present the main application of
these notes—the proof of the Hecke quantum unique ergodicity theorem for
generic linear symplectomorphisms of the 2N -dimensional torus.
Remark 5. Complete proofs for the statements appearing in these notes will
be given elsewhere.
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2 Preliminaries
In this section, we denote by k = Fq the finite field of q elements and odd
characteristic.
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2.1 The Heisenberg representation
Let (V, ω) be a 2N -dimensional symplectic vector space over the finite field
k. There exists a two-step nilpotent group H = H (V, ω) associated to the
symplectic vector space (V, ω). The group H is called the Heisenberg group.
It can be realized as the set H = V ×k, equipped with the multiplication rule
(v, z) · (v′, z′) = (v + v′, z + z′ + 12ω(v, v′)).
The center of H is Z(H) = {(0, z) : z ∈ k}. Fix a non-trivial central
character ψ : Z(H) −→ C×. We have the following fundamental theorem:
Theorem 5 (Stone–von Neumann). There exists a unique (up to isomorphism)
irreducible representation (π,H,H) with central character ψ, i.e., π(z) =
ψ(z)IdH for every z ∈ Z(H).
We call the representation π appearing in Theorem 5, the Heisenberg rep-
resentation associated with the central character ψ.
Remark 6. The representation π, although it is unique, admits a multitude of
different models (realizations). In fact, this is one of its most interesting and
powerful attributes. In particular, to any Lagrangian splitting V = L′ ⊕ L,
there exists a model (πL′,L, H,C(L)), where C(L) denotes the space of complex
valued functions on L. In this model, we have the following actions:
• πL′,L(l′)[f ](x) = ψ(ω(l′, x))f(x);
• πL′,L(l)[f ](x) = f(x+ l);
• πL′,L(z)[f ](x) = ψ(z)f(x),
where l′ ∈ L′, x, l ∈ L, and z ∈ Z(H).
The above model is called the Schro¨dinger realization associated with the
splitting V = L′ ⊕ L.
2.2 The Weyl transform
Given a linear operator A : H → H we can associate to it a function on the
group H defined as follows
W (A)(h) = 1dimHTr(Aπ(h
−1)). (11)
The transform W : End(H)→C(H) is called the Weyl transform [21, 35].
The Weyl transform admits a left inverse π : C(H) → End(H) given by the
extended action π(K) =
∑
h∈H
K(h)π(h).
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2.3 The Weil representation
Let Sp = Sp(V, ω) denote the group of linear symplectic automorphisms of
V . The group Sp acts by group automorphisms on the Heisenberg group
through its tautological action on the vector space V . A direct consequence of
Theorem 5 is the existence of a projective representation ρ˜ : Sp→ PGL(H).
The classical construction of ρ˜ out of the Heisenberg representation π is due
to Weil [34]. Considering the Heisenberg representation π and an element
g ∈ Sp, one can define a new representation πg acting on the same Hilbert
space via πg (h) = π (g (h)). Clearly both π and πg have central character ψ;
hence, by Theorem 5, they are isomorphic. Since the space HomH(π, π
g) is
one-dimensional, choosing for every g ∈ Sp a non-zero representative ρ˜(g) ∈
HomH(π, π
g) gives the required projective representation. In more concrete
terms, the projective representation ρ˜ is characterized by the formula
ρ˜ (g)π (h) ρ˜
(
g−1
)
= π (g (h)) , (12)
for every g ∈ Sp and h ∈ H . It is a peculiar phenomenon of the finite field
setting that the projective representation ρ˜ can be linearized into an honest
representation. This linearization is unique, except in the case the finite field
is F3 and dimV = 2 (for the canonical choice in the latter case see [17]).
Theorem 6. There exists a canonical unitary representation
ρ : Sp −→ GL(H),
satisfying the formula (12).
Invariant presentation of the Weil representation
An elegant description of the Weil representation can be obtained [16] using
the Weyl transform (see Subsection 2.2). Given an element g ∈ Sp, the oper-
ator ρ(g) can be written as ρ(g) = π(Kg), where Kg is the Weyl transform
Kg =W (ρ(g)). The homomorphism property of ρ is manifested as
Kg ∗Kh = Kgh for every g, h ∈ Sp,
where ∗ denotes (properly normalized) group theoretic convolution on H .
Finally, the function K can be explicitly described on an appropriate subset
of Sp [16]. Let U ⊂ Sp denote the subset consisting of all elements g ∈ Sp
such that g − I is invertible. For every g ∈ U and v ∈ V we have
Kg(v) = ν(g)ψ(
1
4ω(κ(g)v, v)), (13)
where κ(g) = g+Ig−I is the Cayley transform [21, 36], and
ν(g) = (G/q)2Nσ(det(g − I)),
with σ the unique quadratic character of the multiplicative group F×q , and
G =
∑
z∈Z(H)
ψ(z2) the quadratic Gauss sum.
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2.4 The Heisenberg–Weil representation
Let J denote the semi-direct product J = Sp⋉H. The group J is sometimes
referred to as the Jacobi group. The compatible pair (π, ρ) is equivalent to
a single representation τ : J −→ GL(H) of the Jacobi group defined by the
formula τ(g, h) = ρ(g)π(h). It is an easy exercise to verify that the Egorov
identity (12) implies the multiplicativity of the map τ .
In these notes, we would like to adopt the name Heisenberg–Weil repre-
sentation when referring to the representation τ .
2.5 Character formulas
The invariant presentation (11) and formula (13) imply [16] a formula for the
character of the 2N -dimensional Heisenberg–Weil representation over a finite
field (cf. [9, 22]).
Theorem 7 (Character formulas [16]). The character chρ of the Weil
representation, when restricted to the subset U , is given by
chρ(g) = σ((−1)N det(g − I)), (14)
and the character chτ of the Heisenberg–Weil representation, when restricted
to the subset U ×H, is given by
chτ (g, v, z) = chρ(g)ψ(
1
4ω(κ(g)v, v) + z). (15)
2.6 Application to multiplicities
We would like to apply the formula (15) to the study of the multiplicities
arising from actions of tori via the Weil representation (cf. [1, 9, 32]). Let us
start with the two-dimensional case (see Theorem 11 for the general case).
Let T ⊂ Sp ≃ SL2(Fq) be a maximal torus. The torus T acts semisimply on
H, decomposing it into a direct sum of character spaces H = ⊕
χ:T→C×
Hχ.
As a consequence of having the explicit formula (14), we obtain a simple
description for the multiplicities mχ = dim Hχ. Denote by σ : T → C× the
unique quadratic character of T.
Theorem 8 (Multiplicities formula). We have mχ = 1 for any character
χ 6= σ. Moreover, mσ = 2 or 0, depending on whether the torus T is split or
inert, respectively.
What about the multiplicities for action of tori in the Weil representation
of higher-dimensional symplectic groups? This problem can be answered (see
Theorem 11) using the self-reducibility property of the Weil representation.
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3 Self-reducibility of the Weil representation
In this section, unless stated otherwise, the field k is an arbitrary field of
characteristic different from two.
3.1 Symplectic module structures
Let K be a finite-dimensional commutative algebra over the field k. Let Tr :
K → k be the trace map, associating to an element x ∈ K the trace of the
k-linear operator mx : K → K obtained by left multiplication by the element
x. Consider a symplectic vector space (V, ω) over k.
Definition 2. A symplectic K-module structure on (V, ω) is an action K ⊗k
V → V, and a K-linear symplectic form ω : V × V → K such that
Tr ◦ ω = ω. (16)
Given a symplectic module structure (K,V, ω) on a symplectic vector space
(V, ω), we denote by Sp = Sp(V, ω) the group ofK-linear symplectomorphisms
with respect to the form ω. The compatibility condition (16) gives a natural
embedding
ι : Sp →֒ Sp. (17)
3.2 Symplectic module structure associated with a maximal torus
Let T ⊂ Sp be a maximal torus.
A particular case
In order to simplify the presentation, let us assume first that T acts irreducibly
on the vector space V , i.e., there exists no non-trivial T -invariant subspaces.
Let A = Z(T,End(V )), be the centralizer of T in the algebra of all linear en-
domorphisms. Clearly (due to the assumption of irreducibility) A is a division
algebra. Moreover, we have
Claim. The algebra A is commutative.
In particular, this claim implies that A is a field extension of k. Let us now
describe a special quadratic element in the Galois group Gal(A/k). Denote
by (·)t : End(V ) → End(V ) the symplectic transpose characterized by the
property
ω(Rv, u) = ω(v,Rtu),
for all v, u ∈ V , and every R ∈ End(V ). It can be easily verified that (·)t
preserves A, leaving the subfield k fixed, hence, it defines an element Θ ∈
Gal(A/k), satisfying Θ2 = Id. Denote by K = AΘ the subfield of A consisting
of elements fixed by Θ. We have the following proposition:
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Proposition 1 (Hilbert’s Theorem 90). We have dimK V = 2.
Corollary 3. We have dimK A = 2.
As a corollary, we have the following description of T . Denote by NA/K :
A→ K the standard norm map.
Corollary 4. We have T = S(A) =
{
a ∈ A : NA/K(a) = 1
}
The symplectic form ω can be lifted to a K-linear symplectic form ω,
which is invariant under the action of the torus T . This is the content of the
following proposition:
Proposition 2 (Existence of canonical symplectic module structure).
There exists a canonical T -invariant K-linear symplectic form ω : V ×V → K
satisfying the property Tr ◦ ω = ω.
Concluding, we obtained a T -invariant symplectic K-module structure on
V .
Let Sp = Sp(V, ω) denote the group ofK-linear symplectomorphisms with
respect to the symplectic form ω. We have (17) a natural embedding Sp ⊂ Sp.
The elements of T commute with the action ofK, and preserve the symplectic
form ω (Proposition 2); hence, we can consider T as a subgroup of Sp. By
Proposition 1 we can identify Sp ≃ SL2(K), and using (17) we obtain
T ⊂ SL2(K) ⊂ Sp. (18)
To conclude we see that T consists of the K-rational points of a maximal torus
T ⊂ SL2 (in this case T consists of the rational points of an inert torus).
General case
Here, we drop the assumption that T acts irreducibly on V . By the same
argument as before, the algebra A = Z(T,End(V )) is commutative, yet, it
may no longer be a field. The symplectic transpose (·)t preserves the algebra
A, and induces an involution Θ : A → A. Let K = AΘ be the subalgebra
consisting of elements a ∈ A fixed by Θ. Following the same argument as in
the proof of Proposition 1, we can show that V is a free K-module of rank 2.
Following the same arguments as in the proof of Proposition 2, we can show
that there exists a canonical symplectic form ω : V × V → K, which is K-
linear and invariant under the action of the torus T . Concluding, associated to
a maximal torus T there exists a T -invariant symplectic K-module structure
(K,V, ω). (19)
Denote by Sp = Sp(V, ω) the group of K-linear symplectomorphisms with
respect to the form ω. We have a natural embedding
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ιS : Sp →֒ Sp (20)
and we can consider T as a subgroup of Sp. Finally, we have Sp ≃ SL2(K), and
T consists of theK-rational points of a maximal torus T ⊂ SL2. In particular,
the relation (18) holds also in this case: T ⊂ SL2(K) ⊂ Sp.
We shall now proceed to give a finer description of all objects discussed so
far. The main technical result is summarized in the following lemma:
Lemma 1 (Symplectic decomposition). We have a canonical decomposi-
tion
(V, ω) =
⊕
α∈Ξ
(Vα, ωα), (21)
into (T,A)-invariant symplectic subspaces. In addition, we have the following
associated canonical decompositions
1. T =
∏
Tα, where Tα consists of elements t ∈ T such that t|Vβ = Id for
every β 6= α.
2. A =
⊕
Aα, where Aα consists of elements a ∈ A such that a|Vβ = Id
for every β 6= α. Moreover, each sub-algebra Aα is preserved under the
involution Θ.
3. K =
⊕
Kα, where Kα = A
Θ
α . Moreover, Kα is a field and dimKα Vα = 2.
4. ω =
⊕
ωα, where ωα : Vα × Vα → Kα is a Kα-linear Tα-invariant sym-
plectic form satisfying Tr ◦ ωα = ωα.
Definition 3. We will call the set Ξ (21) the symplectic type of T and the
number |Ξ| the symplectic rank of T .
Using the results of Lemma 1, we have an isomorphism
Sp ≃
∏
Spα, (22)
where Spα = Sp(Vα, ωα) denotes the group of Kα-linear symplectomorphisms
with respect to the form ωα. Moreover, for every α ∈ Ξ we have Tα ⊂ Spα. In
particular, under the identifications Spα ≃ SL2(Kα), there exist the following
sequence of inclusions
T =
∏
Tα ⊂
∏
SL2(Kα) = SL2(K) ⊂ Sp, (23)
and for every α ∈ Ξ the torus Tα coincides with the Kα-rational points of a
maximal torus Tα ⊂ SL2.
3.3 Self-reducibility of the Weil representation
In this subsection we assume that the field k is a finite field of odd char-
acteristic (although, the results continue to hold true also for local fields of
characteristic 6= 2, i.e., with the appropriate modification, replacing the group
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Sp with its double cover S˜p). Let (τ, J,H) be the Heisenberg–Weil represen-
tation associated with a central character ψ : Z(J) = Z(H) → C×. Recall
that J = Sp ⋉H, and τ is obtained as a semi-direct product, τ = ρ ⋉ π, of
the Weil representation ρ and the Heisenberg representation π. Let T ⊂ Sp
be a maximal torus.
A particular case
For clarity of presentation, assume first that T acts irreducibly on V . Using
the results of the previous section, there exists a symplectic module structure
(K,V, ω) (in this case K/k is a field extension of degree [K : k] = N). The
group Sp = Sp(V, ω) is imbedded as a subgroup ιS : Sp →֒ Sp. Our goal is to
describe the restriction
(ρ = ι∗Sρ, Sp,H). (24)
Define an auxiliary Heisenberg group
H = V ×K, (25)
with the multiplication given by (v, z) · (v′, z′) = (v + v′, z + z′ + 12ω(v, v′)).
There exists homomorphism
ιH : H → H, (26)
given by (v, z) 7→ (v,Tr(z)). Consider the pullback (π = ι∗Hπ,H,H). We have
Proposition 3. The representation (π = ι∗Hπ,H,H) is the Heisenberg repre-
sentation associated with the central character ψ = ψ ◦ Tr.
The group Sp acts by automorphisms on the group H through its tauto-
logical action on the V -coordinate. This action is compatible with the action
of Sp on H , i.e., we have ιH(g ·h) = ιS(g)· ιH(h) for every g ∈ Sp, and h ∈ H .
The description of the representation ρ (24) now follows easily (cf. [9]).
Theorem 9 (Self-reducibility property (particular case)). The repre-
sentation (ρ, Sp,H) is the Weil representation associated with the Heisenberg
representation (π,H,H).
Remark 7. We can summarize the result in a slightly more elegant manner
using the Jacobi groups. Let J = Sp ⋉ H and J = Sp ⋉ H be the Jacobi
groups associated with the symplectic spaces (V, ω) and (V, ω) respectively.
We have a homomorphism ι : J → J, given by ι(g, h) = ( ιS(g), ιH(h)).
Let (τ, J,H) be the Heisenberg–Weil representation of J associated with a
character ψ of the center Z(J) (note that Z(J) = Z(H)), then the pullback
(ι∗τ, J,H) is the Heisenberg–Weil representation of J , associated with the
character ψ = ψ ◦ Tr of the center Z(J).
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The general case
Here, we drop the assumption that T acts irreducibly on V . Let (K,V, ω) be
the associated symplectic module structure (19). Using the results of Subsec-
tion 3.2, we have decompositions
(V, ω) =
⊕
α∈Ξ
(Vα, ωα), (V, ω) =
⊕
α∈Ξ
(Vα, ωα), (27)
where ωα : Vα × Vα → Kα. Let (cf. 25) H = V ×K, be the Heisenberg group
associated with (V, ω). There exists (cf. (26) a homomorphism ιH : H → H.
Let us describe the pullback π = ι∗Hπ of the Heisenberg representation. First,
we note that the decomposition (27) induces a corresponding decomposition
of the Heisenberg group, H =
∏
Hα, where Hα is the Heisenberg group
associated with (Vα, ωα). We have the following proposition
Proposition 4. There exists an isomorphism
(π,H,H) ≃ (
⊗
πα,
∏
Hα,
⊗
Hα),
where (πα, Hα,Hα) is the Heisenberg representation of Hα associated with
the central character ψα = ψ ◦ TrKα/k.
Let ιS : Sp →֒ Sp, be the embedding (20). Our next goal is to describe the
restriction ρ = ι∗Sρ. Recall that we have a decomposition Sp =
∏
Spα (see
(22)). In terms of this decomposition we have (cf. [9])
Theorem 10 (Self-reducibility property—general case). There exists
an isomorphism
(ρ, Sp,H) ≃ (
⊗
ρα,
∏
Spα,
⊗
Hα),
where (ρα, Spα,Hα) is the Weil representation associated with the Heisenberg
representation πα.
Remark 8. As before, we can state an equivalent result using the Jacobi groups
J = Sp ⋉ H and J = Sp ⋉ H . We have a decomposition J =
∏
Jα, where
Jα = Spα⋉Hα. Let τ be the Heisenberg–Weil representation of J associated
with a character ψ of the center Z(J) (note that Z(J) = Z(H)). Then the
pullback τ = ι∗τ is isomorphic to
⊗
τα, where τα is the Heisenberg–Weil
representation of Jα, associated with the character ψα = ψ ◦ TrKα/k of the
center Z(Jα).
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3.4 Application to multiplicities
Let us specialize to the case where the filed k is a finite field of odd char-
acteristic. Let T ⊂ Sp be a maximal torus. The torus T acts, via the Weil
representation ρ, on the space H, decomposing it into a direct sum of T -
character spaces H = ⊕
χ:T→C×
Hχ. Consider the problem of determining the
multiplicities mχ = dim(Hχ). Using Lemma 1, we have (see (23)) a canonical
decomposition of T
T =
∏
Tα, (28)
where each of the tori Tα coincides with a maximal torus inside Sp ≃
SL2(Kα), for some field extension Kα ⊃ k. In particular, by (28) we have
a decomposition
Hχ=
⊗
χα:Tα→C×
Hχα , (29)
where χ =
∏
χα :
∏
Tα → C×. Hence, by Theorem 10, and the result about
the multiplicities in the two-dimensional case (see Theorem (8)), we can com-
pute the integer mχ as follows. Denote by σα the quadratic character of Tα
(note that by Theorem (8) the quadratic character σα cannot appear in the
decomposition (29) if the torus Tα is inert).
Theorem 11. We have
mχ = 2
l,
where l = #{α : χα = σα}.
4 Bounds on Higher-Dimensional Exponential Sums
In this section we present an application of the self-reducibility technique to
bound higher-dimensional exponential sums attached to tori in Sp = Sp(V, ω),
where (V, ω) is a 2N -dimensional symplectic vector space over the finite field
Fp, p 6= 2. These exponential sums originated from the theory of quantum
chaos (see Sections 5 and 6). Let (τ, J,H) be the Heisenberg–Weil represen-
tation associated with a central character ψ : Z(J) = Z(H) → C×. Recall
that J = Sp ⋉ H , and τ is obtained as a semi-direct product τ = ρ ⋉ π of
the Weil representation ρ and the Heisenberg representation π. Consider a
maximal torus T ⊂ Sp. The torus T acts semisimply on H, decomposing it
into a direct sum of character spaces H = ⊕
χ:T→C×
Hχ.We shall study common
eigenstates Ψ ∈ Hχ. In particular, we will be interested in estimating matrix
coefficients of the form 〈Ψ |π(ξ)Ψ〉 where ξ ∈ V is not contained in any proper
T -invariant subspace. It will be convenient to assume first that the torus T is
completely inert (i.e., acts irreducibly on V ). In this case one can show (see
Theorem 11) that dimHχ = 1 for every χ. Below we sketch a proof of the
following estimate.
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Theorem 12. For ξ ∈ V which is not contained in any proper T -invariant
subspace, we have
|〈Ψ |π(ξ)Ψ〉| ≤ 2 + o(1)√
pN
.
Let us explain way it is not easy to get such a bound by a direct calculation.
Choosing a Schro¨dinger realization (see Remark 6), we can identify H =
C(FNp ). Under this identification, the matrix coefficient is equivalent to a sum
〈Ψ |π(ξ)Ψ〉 =
∑
x∈FNp
Ψ(x)e
2pii
p
ξ+xΨ(x+ ξ−). (30)
In this respect two problems are encountered. First, it is not easy to describe
the eigenstates Ψ . Second, the sum (30) is a high-dimensional exponential
sum, which is known to be hard to analyze using standard techniques.
Interestingly enough, representation theory suggests a remedy for both
problems. Our strategy will be to interpret the matrix coefficient 〈Ψ |π(ξ)Ψ〉
in representation theoretic terms, and then to show, using the self-reducibility
technique, that (30) is equivalent to a 1-dimensional sum over Fq, q = p
N .
Representation theory and dimensional reduction of (30)
The torus T acts irreducibly on the vector space V . Invoking the result of
Section 3.2, there exists a canonical symplectic module structure (K,V, ω)
associated to T . Recall that in this particular case the algebra K is in fact
a field, and dimK V = 2 (in our case K = Fq, where q = p
N ). Let J =
Sp ⋉ H be the Jacobi group associated to the (two-dimensional) symplectic
vector space (V, ω) over K. There exists a natural homomorphism ι : J → J .
Invoking the results of Section 3.3, the pullback τ = ι∗τ is the Heisenberg–Weil
representation of J , i.e., τ = ρ⋉ π.
Let Ψ ∈ Hχ. Denote by Pχ the orthogonal projector on the vector space
Hχ. We can write Pχ in terms of the Weil representation ρ
Pχ =
1
|T |
∑
B∈T
χ−1(B)ρ(B). (31)
Since dimHχ = 1 (Theorem 11) we realize that
〈Ψ |π(ξ)Ψ〉 = Tr(Pχπ(ξ)). (32)
Substituting (31) in (32), we can write
〈Ψ |π(ξ)Ψ〉 = 1|T |
∑
B∈T
χ−1(B)Tr(ρ(B)π(ξ)).
Noting that Tr(ρ(B)π(ξ)) is nothing other than the character chτ (B · ξ)
of the Heisenberg–Weil representation τ . and that |T | = pN + 1, we deduce
that it is enough to prove that
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∣∣∣∣∣
∑
B∈T
χ−1(B)chτ (B · ξ)
∣∣∣∣∣ ≤ 2√q, (33)
where q = pN . Now, note that the left-hand side of (33) is a one-dimensional
exponential sum over Fq, which is defined completely in terms of the two-
dimensional Heisenberg–Weil representation τ . Estimate (33) is then a par-
ticular case of the following theorem, proved in [13].
Theorem 13. Let (V, ω) be a two-dimensional symplectic vector space over a
finite field k = Fq, and (τ, J,H) be the corresponding Heisenberg–Weil repre-
sentation. Let T ⊂ Sp be a maximal torus. We have the following estimate∣∣∣∣∣
∑
B∈T
χ(B)chτ (B · ξ)
∣∣∣∣∣ ≤ 2√q, (34)
where χ is a character of T , and 0 6= ξ ∈ V is not an eigenvector of T .
4.1 General case
In this subsection we state and prove the analogue of Theorem 12, where we
drop the assumption of T being completely inert. In what follows, we use the
results of Subsections 3.2 and 3.3.
Let (K,V, ω) be the symplectic module structure associated with the torus
T . The algebra K is no longer a field, but decomposes into a direct sum of
fields K =
⊕
α∈Ξ
Kα. We have canonical decompositions
(V, ω) =
⊕
(Vα, ωα), (V, ω) =
⊕
(Vα, ωα).
Recall that Vα is a two-dimensional vector space over the field Kα. The
Jacobi group J decomposes into J =
∏
Jα, where Jα = Spα ⋉ Hα is the
Jacobi group associated to (Vα, ωα). The pullback (τ = ι
∗τ, J,H) decomposes
into a tensor product (
⊗
τα,
∏
Jα,
⊗Hα), where τα is the Heisenberg–Weil
representation of Jα. The torus T decomposes into T =
∏
Tα, where Tα is a
maximal torus in Spα. Consequently, the character χ : T → C× decomposes
into a product χ = Πχα : ΠTα → C×, and the space Hχ decomposes into a
tensor product
Hχ =
⊗
Hχα . (35)
It follows from the above decomposition that it is enough to estimate
matrix coefficients with respect to pure tensor eigenstates, i.e., eigenstates Ψ
of the form Ψ =
⊗
Ψα, where Ψα ∈ Hχα . For a vector of the form ξ =
⊕
ξα,
we have 〈⊗
Ψα|π(ξ)
⊗
Ψα
〉
=
∏
〈Ψα|π(ξα)Ψα〉 . (36)
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Hence, we need to estimate the matrix coefficients 〈Ψα|π(ξα)Ψα〉, but these
are defined in terms of the two-dimensional Heisenberg–Weil representation
τα. In addition, we recall the assumption that the vector ξ ∈ V is not con-
tained in any proper T -invariant subspace. This condition in turn implies
that no summand ξα is an eigenvector of Tα. Hence, we can use Lemma 13,
obtaining
|〈Ψα|π(ξα)Ψα〉| ≤ 2/√p[Kα:Fp]. (37)
Consequently, using (36) and (37) we obtain∣∣∣〈⊗Ψα|π(ξ)⊗Ψα〉∣∣∣ ≤ 2|Ξ|/√pP[Kα:Fp] = 2|Ξ|/√p[K:Fp] = 2|Ξ|/√pN .
Recall that the number rp = |Ξ| is called the symplectic rank of the torus
T . The main application of the self-reducibility property, presented in these
notes, is summarized in the following theorem.
Theorem 14. Let (V, ω) be a 2N -dimensional vector space over the finite
field Fp, and (τ, J,H) the corresponding Heisenberg–Weil representation. Let
Ψ ∈ Hχ be a unit χ-eigenstate with respect to a maximal torus T ⊂ Sp. We
have the following estimate:
|〈Ψ |π(ξ)Ψ〉| ≤ mχ · (2 + o(1))
rp
√
pN
,
where 1 ≤ rp ≤ N is the symplectic rank of T , mχ = dimHχ, and ξ ∈ V is
not contained in any T -invariant subspace.
5 The Hannay–Berry model
We shall proceed to describe the higher-dimensional Hannay–Berry model of
quantum mechanics on toral phase spaces. This model plays an important role
in the mathematical theory of quantum chaos as it serves as a model where
general phenomena, which are otherwise treated only on a heuristic basis, can
be rigorously proven.
5.1 The classical phase space
Our classical phase space is the 2N -dimensional symplectic torus (T, ω). We
denote by Γ the group of linear symplectic automorphisms of T. Note that
Γ ≃ Sp(2N,Z). On the torus T we consider an algebra of complex functions
(observables) A = F(T). We denote by Λ ≃ Z2N the lattice of characters
(exponents) of T. The form ω induces a skew-symmetric form on Λ, which
we denote also by ω, and we assume it takes integral values on Λ and is
normalized so that
∫
T
|ω|N = 1.
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5.2 The classical mechanical system
We take our classical mechanical system to be of a very simple nature. Let
A ∈ Γ be a generic element (see Definition 1), i.e., A is regular and admits
no invariant co-isotropic sub-tori. The last condition can be equivalently re-
stated in dual terms, namely, requiring that A admits no invariant isotropic
subvectorspaces in ΛQ = Λ ⊗Z Q. The element A generates, via its action as
an automorphism A : T −→ T, a discrete time dynamical system.
5.3 Quantization
Before we employ the formal model, it is worthwhile to discuss the general
phenomenological principles of quantization which are common to all models.
Principally, quantization is a protocol by which one associates a Hilbert space
H to the classical phase space, which in our case is the torus T; In addition,
the protocol gives a rule
f  Op(f) : H → H,
by which one associates an operator on the Hilbert space to every classical
observable, i.e., a function f ∈ F(T). This rule should send a real function
into a self-adjoint operator. In addition, in the presence of classical symmetries
which in our case are given by the group Γ , the Hilbert spaceH should support
a (projective unitary) representation Γ → PGL(H),
γ 7→ U(γ) : H → H,
which is compatible with the quantization rule Op(·).
More precisely, quantization is not a single protocol, but a one-parameter
family of protocols, parameterized by a parameter ℏ called the Planck con-
stant. Accepting these general principles, one searches for a formal model by
which to quantize. In this work we employ a model called the non-commutative
torus model.
5.4 The non-commutative torus model
Denote by A the algebra of trigonometric polynomials on T, i.e., A consists of
functions f which are a finite linear combinations of characters. We shall con-
struct a one-parametric deformation of A called the non-commutative torus
[6, 29].
Let ~ = 1/p, where p is an odd prime number, and consider the additive
character ψ : Fp −→ C×, ψ(t) = e
2piit
p . We give here the following presentation
of the algebra A~. Let Aℏ be the free non-commutative C-algebra generated
by the symbols s(ξ), ξ ∈ Λ, and the relations
s(ξ)s(η) = ψ(12ω(ξ, η))s(ξ + η). (38)
Here we consider ω as a map ω : Λ× Λ −→ Fp.
Note that Aℏ satisfies the following properties:
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• As a vector space Aℏ is equipped with a natural basis s(ξ), ξ ∈ Λ. Hence
we can identify the vector space Aℏ with the vector space A for each value
of ℏ,
Aℏ ≃ A. (39)
• Substituting ℏ = 0 we have A0 = A. Hence, we see that indeed Aℏ is a
deformation of the algebra of (algebraic) functions on T.
• The group Γ acts by automorphisms on the algebraAℏ, via γ ·s(ξ) = s(γξ),
where γ ∈ Γ and ξ ∈ Λ. This action induces an action of Γ on the category
of representations of Aℏ, taking a representation π and sending it to the
representation πγ , where πγ(f) = π(γf), f ∈ Aℏ.
Using the identification (39) , we can describe a choice for the quantization
of the functions. We just need to pick a representation of the quantum algebra
Aℏ. But what representation to pick? It turns out that, we have a canonical
choice. All the irreducible algebraic representations of Aℏ are classified [12]
and each of them is of dimension pN . We have
Theorem 15 (Invariant representation [12]). Let ℏ = 1/p where p is a
prime number. There exists a unique (up to isomorphism) irreducible repre-
sentation π : Aℏ → End(Hℏ) which is fixed by the action of Γ . Namely, πγ is
isomorphic to π for every γ ∈ Γ .
Let (π,Aℏ,H) be a representative of the special representation defined
in Theorem 15. For every element γ ∈ Γ we have an isomorphism ρ˜(γ) :
H → H intertwining the representations π and πγ , namely, it satisfies
ρ˜(γ)π(f)ρ˜(γ)−1 = π(γf), for every f ∈ Aℏ and γ ∈ Γ . The isomorphism
ρ˜(γ) is not unique but unique up to a scalar (this is a consequence of Schur’s
lemma and the fact that π and πγ are irreducible representations). It is easy
to realize that the collection {ρ˜(γ)} constitutes a projective representation
ρ˜ : Γ → PGL(H). Let ℏ = 1/p where p is an odd prime 6= 3. We have the
following linearization theorem (cf. [11, 13])
Theorem 16 (Linearization). The projective representation ρ˜ can be lin-
earized uniquely to an honest representation ρ : Γ → GL(H) that factors
through the finite quotient group Sp ≃ Sp(2N,Fp).
Remark 9. The representation ρ : Sp → GL(H) is the celebrated Weil repre-
sentation, here obtained via quantization of the torus.
5.5 The quantum dynamical system
Recall that we started with a classical dynamic on T, generated by a generic
(i.e., regular with no non-trivial invariant co-isotropic sub-tori) element A ∈
Γ . Using the Weil representation, we can associate to A the unitary operator
ρ(A) : H → H, which constitutes the generator of discrete time quantum
dynamics. We would like to study the ρ(A)-eigenstates
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ρ(A)Ψ = λΨ,
which satisfy additional symmetries. This we do in the next section.
6 The Hecke quantum unique ergodicity theorem
It turns out that the operator ρ(A) has degeneracies namely, its eigenspaces
might be extremely large. This is manifested in the existence of a group of
hidden symmetries commuting with ρ(A) (note that classically the group of
linear symplectomorphisms of T that commute with A, i.e., TA(Z), does not
contribute much to the harmonic analysis of ρ(A)). These symmetries can
be computed. Indeed, let TA = Z(A,Sp), be the centralizer of the element
A in the group Sp. Clearly TA contains the cyclic group 〈A〉 generated by
the element A, but it often happens that TA contains additional elements.
The assumption that A is regular (i.e., has distinct eigenvalues) implies that
for sufficiently large p the group TA consists of the Fp-rational points of a
maximal torus TA ⊂ Sp, i.e., TA = TA(Fp) (more precisely, p large enough
so that it does not divides the discriminant of A). The group TA is called the
Hecke torus. It acts semisimply on H, decomposing it into a direct sum of
character spaces H = ⊕
χ:TA→C×
Hχ. We shall study common eigenstates Ψ ∈
Hχ, which we call Hecke eigenstates and will be assumed to be normalized
so that ‖Ψ‖H = 1. In particular, we will be interested in estimating matrix
coefficients of the form 〈Ψ |π(f)Ψ〉 , where f ∈ A is a classical observable on
the torus T (see Subsection 5.4). We will call these matrix coefficients Hecke–
Wigner distributions. It will be convenient for us to start with the following
case.
6.1 The strongly generic case
Let us assume first that the automorphism A acts on T with no invariant
sub-tori. In dual terms, this means that the element A acts irreducibly on the
Q-vector space ΛQ = Λ⊗Z Q.
We denote by rp the symplectic rank of TA, i.e., rp = |Ξ| where Ξ =
Ξ(TA) is the symplectic type of TA (see Definition 3). By definition we have
1 ≤ rp ≤ N (for example, we get the two extreme cases: dp = 1 when the
torus TA acts irreducibly on V ≃ F2Np , and dp = N when TA splits). We have
Theorem 17. Consider a non-trivial exponent 0 6= ξ ∈ Λ and a sufficiently
large prime number p. Then for every normalized Hecke eigenstate Ψ ∈ Hχ
the following bound holds:
|〈Ψ |π(ξ)Ψ〉| ≤ mχ · 2
rp
√
pN
, (40)
where mχ = dim(Hχ).
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The lattice Λ constitutes a basis for A, hence, using the bound (40) we obtain
Corollary 5 (Hecke quantum unique ergodicity—strongly generic
case). Consider an observable f ∈ A and a sufficiently large prime num-
ber p. For every normalized Hecke eigenstate Ψ we have∣∣∣∣∣∣〈Ψ |π(f)Ψ〉 −
∫
T
fdµ
∣∣∣∣∣∣ ≤
Cf√
pN
,
where µ = |ω|N is the corresponding volume form and Cf is an explicit com-
putable constant which depends only on the function f.
Remark 10. In Subsection 6.2 we will elaborate on the distribution of the
symplectic rank rp (40) and in Subsection 6.3 the more general statements
where A ∈ Γ is any generic element (see Definition 1) will be stated and
proved.
Proof of Theorem 17
The proof is by reduction to the bound on the Hecke–Wigner distributions
obtained in Section 4, namely reduction to Theorem 14. Our first goal is to in-
terpret the Hecke–Wigner distribution 〈Ψ |π(ξ)Ψ〉 in terms of the Heisenberg–
Weil representation.
Step 1. Replacing the non-commutative torus by the finite Heisenberg
group. Note that the Hilbert space H is a representation space of both the
algebra Aℏ and the group Sp. We will show next that the representation
(π,Aℏ,H) is equivalent to the Heisenberg representation of some finite Heisen-
berg group. The representation π is determined by its restriction to the lattice
Λ. However, the restriction
π|Λ : Λ→ GL(H),
is not multiplicative and in fact constitutes (see Formula (38)) a projective
representation of the lattice given by
π(ξ)π(η) = ψ(12ω(ξ, η))π(ξ + η). (41)
It is evident from (41) that the map π|Λ factors through the quotient Fp-vector
space V
Λ→ V = Λ/pΛ→ GL(H). (42)
The vector space V is equipped with a symplectic structure ω obtained via
specialization of the corresponding form on Λ. LetH = H(V, ω) be the Heisen-
berg group associated with (V, ω). Recall that as a set H = V× Fp and the
multiplication is given by
(v, z) · (v′, z′) = (v + v′, z + z′ + 12ω(v, v′)). (43)
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From formula (41), the factorization (42), and the multiplication rule (43) we
learn that the map π : V → GL(H), given by (42), lifts to an honest repre-
sentation of the Heisenberg group π : H → GL(H). Finally, the pair (ρ, π),
where ρ is the Weil representation obtained using quantization of the torus
(see Theorem 16) glues into a single representation τ = ρ ⋉ π of the Jacobi
group J = Sp⋉H , which is of course nothing other than the Heisenberg–Weil
representation
τ : J → GL(H). (44)
Having the Heisenberg–Weil representation at our disposal we proceed to
Step 2.Reformulation. Let V and TA be the algebraic group scheme de-
fined over Z so that Λ = V(Z) and for every prime p we have V = V(Fp) and
TA = TA(Fp). In this setting for every prime number p we can consider the
lattice element ξ ∈ Λ as a vector in the Fp-vector space V .
Let (τ, J,H) be the Heisenberg–Weil representation (44) and consider a
normalized Hecke eigenstate Ψ ∈ Hχ. We need to verify that for a sufficiently
large prime number p we have
|〈Ψ |π(ξ)Ψ〉| ≤ mχ · 2
rp
√
pN
, (45)
where mχ denotes the multiplicity mχ = dimHχ and rp is the symplectic
rank of TA. This verification is what we do next.
Step 3. Verification. We need to show that we meet the conditions of
Theorem 14. What is left to check is that for sufficiently large prime number
p the vector ξ ∈ V is not contained in any TA-invariant subspace of V. Let
us denote by Oξ the orbit Oξ = TA · ξ. We need to show that for sufficiently
large p we have
SpanFp{Oξ} = V. (46)
The condition (46) is satisfied since it holds globally. In more details, our
assumption on A guarantees that it holds for the corresponding objects over
the field of rational numbers Q, i.e., SpanQ{TA(Q) · ξ} = V (Q). Hence (46)
holds for a sufficiently large prime number p.
6.2 The distribution of the symplectic rank
We would like to compute the asymptotic distribution of the symplectic rank
rp (45) in the set {1, ..., N}, i.e.,
δ(r) = lim
x→∞
# {rp = r ; p ≤ x}
π(x)
, (47)
where π(x) denotes the number of prime numbers up to x.
We fix an algebraic closure Q of the field Q, and denote by G the Galois
group G = Gal(Q/Q). Consider the vector space V = V(Q). By extension of
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scalars the symplectic form ω on V (Q) induces a Q-linear symplectic form
on V, which we will also denote by ω. Let T denote the algebraic torus T =
TA(Q). The action of T on V is completely reducible, decomposing it into
one-dimensional character spaces V =
⊕
χ∈X
Vχ.
Let Θ be the restriction of the symplectic transpose (·)t : End(V) →
End(V) to T. The involution Θ acts on the set of characters X by χ 7→ Θ(χ) =
χ−1 and this action is compatible with the action of the Galois group G on
X by conjugation χ 7→ gχg−1, where χ ∈ X and g ∈ G. This means (recall
that A is strongly generic) that we have a transitive action of G on the set
X/Θ. Consider the kernel K = ker(G → Aut(X/Θ)), and the corresponding
finite Galois group Q = G/K. Considering Q as a subgroup of Aut(X/Θ) we
define the cycle number c(C) of a conjugacy class C ⊂ Q to be the number of
irreducible cycles that compose a representative of C. By a direct application
of the Chebotarev theorem [5] we get
Proposition 5 (Chebotarev’s theorem). The distribution δ (47) obeys
δ(r) =
|Cr|
|Q| ,
where Cr = ∪
C⊂Q
c(C)=r
C.
6.3 The general generic case
Let us now treat the more general case where the automorphism A acts on T in
a generic way (Definition 1). In dual terms, this means that the torus T(Q) =
TA(Q) acts on the symplectic vector space V(Q) = Λ ⊗Z Q decomposing it
into an orthogonal symplectic direct sum
(V(Q), ω) =
⊕
α∈Ξ
(Vα(Q), ωα), (48)
with an irreducible action of T(Q) on each of the spaces Vα(Q). For an
exponent ξ ∈ Λ define its support with respect to the decomposition (48) by
Sξ = Supp(ξ) = {α; Pαξ 6= 0}, where Pα : V(Q) → V(Q) is the projector
onto the space Vα(Q) and denote by dξ the dimension dξ =
∑
α∈Sξ
dimVα(Q).
The decomposition (48) induces a decomposition of the torus T(Q) into a
product of completely inert tori
T(Q) =
∏
α∈Ξ
Tα(Q). (49)
Consider now a sufficiently large prime number p and specialize all the
objects involved to the finite filed Fp. The Hecke torus T = T(Fp) acts on
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the quantum Hilbert space H decomposing it into an orthogonal direct sum
H = ⊕
χ:T→C×
Hχ. The decomposition (49) induces decompositions on the level
of groups of points T =
∏
α∈Ξ
Tα, where Tα = Tα(Fp), on the level of characters
χ = Π
α
χ :
∏
α
Tα → C×, and on the level of character spaces Hχ =
⊗
α
Hχα .
For each torus Tα we denote by rp,α = rp(Tα) its symplectic rank (see
Definition 3) and we consider the integer |Sξ| ≤ rp,ξ ≤ dξ given by rp,ξ =
Π
α∈Sξ
rp,α.
Let us denote by mχξ the dimension mχξ =
∑
α∈Sξ
dimHχα . Finally, we
can state the theorem for the generic case. We have
Theorem 18 (Hecke quantum unique ergodicity—generic case). Con-
sider a non-trivial exponent 0 6= ξ ∈ Λ and a sufficiently large prime number
p. Then for every normalized Hecke eigenstate Ψ ∈ Hχ the following bound
holds:
|〈Ψ |π(ξ)Ψ〉| ≤ mχξ · 2
rp,ξ
√
pdξ
. (50)
Considering the decomposition (48) we denote by d the dimension d =
minαVα(Q). Since the lattice Λ constitutes a basis for the algebra A of ob-
servables on T, then using the bound (50) we obtain
Corollary 6. Consider an observable f ∈ A and a sufficiently large prime
number p. Then for every normalized Hecke eigenstate Ψ we have∣∣∣∣∣∣〈Ψ |π(f)Ψ〉 −
∫
T
fdµ
∣∣∣∣∣∣ ≤
Cf√
pd
,
where µ = |ω|N is the corresponding volume form and Cf is an explicit com-
putable constant which depends only on the function f.
The proof of Theorem 18 is a straightforward application of Theorem 17.
Indeed, considering the decomposition (48) of the torus T(Q) to a product
of completely inert tori Tα(Q), we may apply the theory developed for the
strongly generic case in Subsection (6.1) to each of the tori Tα(Q) to deduce
Theorem 18.
Remark 11. As explained in Subsection (6.2) the distribution of the symplectic
rank rp,ξ is determined by the Chebotarev theorem applied to (now a product
of) suitable finite Galois groups Qα attached to the tori Tα, α ∈ Sξ (49) .
Remark 12. The corresponding quantum unique ergodicity theorem for statis-
tical states of generic automorphism A of T (see Theorem 4) follows directly
from Theorem 18.
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